Abstract. The dynamical rules in auxiliary stochastic process that generates the biased ensemble of rare events are non-local. For the systems with one type of particle, it is shown that there are special cases for which the generators of effective processes can include local interactions. In this paper we investigate this possibility for a systems of classical particles with more than one type of particle moving on a one-dimensional lattice with open boundary conditions. Assuming that the interactions in the original process are local and site-independent and also it is assumed that the particles have hard-core interactions. We will show that under certain constraints on the microscopic reaction rules, the stochastic generator of unconditioned process can be local but sitedependent. As one examples, A-model with two species of particles are presented and be investigated the constraints under which the effective generators are local and site-dependent.
Introductions
In recent years, a lot of research has been done on rare events in equilibrium and nonequilibrium systems and the study of stochastic processes in steady-state both around a typical value of a time-integrated observable or far from it, has become of great interest.
Rare events and their characterizations are of vital importance in different contexts of physics. In a general stochastic process the effective interactions that induce particular rare events are generally very complicated. For the system that can be modeled by a Markov process in continuous time in or out of equilibrium, the system is defined by a finite set of configurations {C}. Its dynamical evolution is defined by the rates w(C → C ′ ) for transitions from configuration C to another configuration C ′ . Starting from a configuration C 0 at initial time t 0 , the system will experience a fluctuating number of changes of configuration (jumps) between t 0 and t. A history (or trajectory) consists of a sequence C 0 , C 1 , · · · , C K of visited configurations, and a sequence of times t 0 , t 1 , · · · , t K at which the jumps occur. During this time, the transition-dependent time-integrated observable such as particle current and activity are fluctuated. These observable has an atypical values in some trajectories. If we look at a restricted set of trajectories that is responsible for a specific fluctuation, we are basically dealing with a conditioning. The corresponding ensemble is called the path microcanonical ensemble. It has been shown that in the long observation-time limit each specific fluctuation can be described by a specific stochastic Markov process that is unconditioned and is called the effective or driven process [1, 3, 4, 5, 6] . In principle this unconditioned Markov process is non-local. The unconditioned Markov process might also contain long-range interactions even if the interactions in the original process are short-range. In [7] a system of classical particles with stochastic Markov process is considered on a finite lattice of L lattice-sites with open boundaries conditions. Assuming that the interactions between the particles are short-range, local and site-independent, the authors have investigated the constraints under which the effective interactions in the effective dynamics of the original system which is conditioned on an atypical value of a time-integrated physical observable, are local and short-range but site-dependent. A similar study has been done in [8] for a zero-range process defined on a finite lattice of length L with open boundaries. It has been shown that under certain constraints and for an atypical value of the local current between the left reservoir and the first lattice-site of the chain, the interactions in the effective dynamics of the zero-range process are site-dependent.
In this paper we will consider systems of classical particles on finite lattices with open boundaries and hardcore interactions. We assume that there are more than one type of particle in the system. Each lattice site can be occupied by at most one of these different types of particles. We also assume that different species of particles can have any possible processes in the left and right boundaries with their own special rates. It should be noted that time-integrated observable can be any observable that depends on the transition between consecutive configurations or observable that depends on the configurations of the system hence our calculations are quite general and it can be said that the work presented in [7] , will be a special case of our calculations.
A-model with two species of hard-core particles is introduced as an example and assuming activity of one of these two types of particles as time-integrated observable, the explicit form of stochastic generator for the effective processes is obtained. Certain constraints are obtained under which the transition rates of the effective stochastic process of this example are short-range and site-dependent.
The paper is organized as follows. In section 2, The basic concepts of stochastic models in continuous time are reviewed briefly. In section 3, for any arbitrary timeintegrated observable in a system of classical hardcore particles the constraints are determined under which the transition rates of effective stochastic process are local and site-dependent. In section 4 a system of hard core classical particle with two species of particles are presented.
MATHEMATICAL TOOLS
We consider stochastic models in continuous time defined by a set of configurations {C 1 , C 2 , · · ·}. Assuming that the configurations C transitions to another configurations C ′ with the transition rates w(C → C ′ ). The probability of being in configuration C at time t is given by p(C, t). The time evolution of p(C, t) is governed by the following master equation [11] :
where r(C) = C ′ w(C → C ′ ) is the rate of escape from configuration C. Assuming that an observable A acquires contributions whenever the system changes configuration. A trajectory is defined by a sequence of configurations and a sequence of corresponding times. If the sequence of configurations in a trajectory is C 0 , C 1 , · · · , C K then A can be written in the form
For example if for all pairs of distinct configurations α(C k → C K+1 ) = 1 then A counts the number of configuration changes between time 0 and time t [9] . Additionally one might take α(C k → C K+1 ) to be the contribution of the stochastic transition C k → C k+1 to a total current. We define p(C, A, t) as the probability of being in the configuration C at the time t having measured a value A of the time-integrated observable between 0 and t. Its evolution in time is given by the master equation as:
By introducing a biasing field s one can move from a microcanonical ensemble to a canonical one in equilibrium statistical mechanics. For our purposes, working in the s-ensemble is simpler than considering ensembles with fixed values of A. Finally we can take the Laplace transform of p(C, A, t) with respect to A and construct a biased dynamics as follows:
Writing |p(s, t) = C p(C, s, t)|C , the master equation can be written in an operator notation ∂ t |p(s, t) = W (s)|p(s, t) where W (s) is the generator of biased dynamics in the space of configurations C and the matrix elements of this operator are simply
It has been shown that one can construct an auxiliary stochastic model whose (unbiased) trajectories coincide with those of the biased ensemble [12] .
Considering the eigenvalue equations for W(s)
it has been shown that, in terms of the diagonal operator U = C |C C| Λ * (s)|C , the master operator of this auxiliary model is [10]
The off-diagonal matrix elements of the effective Markov process are
the model is also stochastic thus the diagonal elements of W ef f (s) are simply
MANY PARTICLE SYSTEM AND EFFECTIVE GENERATOR WITH SITE-DEPENDENT INTERACTIONS IN A HARDCORE PARTICLE SYSTEM
To illustrate the general features described above, we consider a system of hardcore particles with nearest neighbor interactions on a one-dimensional lattice of length L with open boundaries. We assume that the number of types of particles is M. Considering an arbitrary time-integrated observable in a general case, the generator of biased dynamics W(s), can be written as follows:
in which I is a (M + 1) × (M + 1) identity matrix and h(s) can be written as
We denote the state of each two lattice site by ν and µ where ν, µ = 0, 1, · · · , M. For each lattice site, ν = 0 correspond to an empty lattice site and ν = ℓ = 0 correspond to presence of particle of type ℓ in that lattice site. Thus the rates of various possible processes in the first and L-th sites respectively can be written as α µ ν and β µ ν and the boundary terms h 1 and h L act only on the first and L-th site respectively and they have the form
in which α 
For simplicity of calculations we introduce vector variables |X i , |V j i
, |L l and |R l as follows
in which i = 1, 2, · · · , L, j = 1, 2, · · · , (M + 1) 2 and l = 0, 1, 2, · · · , M. Considering (7), one can obtain certain constraints under which the left eigenvector associated with the largest eigenvalue, Λ * (s)| can be written as a product form as (13) .
in which m, n = 1, · · · , M and considering that x
With the definition given above for D k i,i+1 and the constraints that we obtained, the largest eigenvalue of the W (s) can be written as
In a set of basis vectors
for n = 0, 1, · · · , (M + 1) 2 and their corresponding duals n| by transposition, one can construct the off-diagonal matrix elements of the effective Markov process w ef f νµ→ν ′ µ ′ . Let us assume that the time integrated observable is the activity of the particles of type ℓ. In order to calculate the explicit form of the transition rates of effective hamiltonian related to the interactions between sites i and i + 1, we consider two general configurations at sites i and i + 1 as C = {· · · νµ · · ·} and C ′ = {· · · ν ′ µ ′ · · ·} respectively in which the parameters ν, µ, ν ′ and µ ′ ∈ {0, 1, 2, · · · , M} and denote the state of the lattice sites. For transitions from configurations C to configuration C
in which
Considering (9) and according to (19) and (20), the explicit form of the elements of effective hamiltonian related to the interactions between sites i and i + 1, can easily be obtained. If at least one of the variables {ν, µ, ν ′ , µ ′ } equal to ℓ, the elements of effective hamiltonian related to the interactions between sites i and i + 1 is
in which α(C ′ → C) is an increment for activity of particle of type ℓ during transition from configuration C to C ′ and α(C ′ → C) = 1. For another cases
According to (20), (21) and (22), it can be seen that the hamiltonian of effective dynamics contains local but site-dependent interactions. 
in which 0, 1 and 2 represent an empty lattice-site, a particle of type 1 and a particle of type 2 respectively. Also, we assume that at the left boundary, rates of processes are as follows 1 −→ 0 with rate α 
Now, we investigate constraints under which the effective dynamics of a hard core particle system with an atypical value of an arbitrary time-integrated observable for each type of particles of the system, contains local (short-range) but site-dependent interactions. Considering activity of the particles of type 1 as a time-integrated observable and according to the (14) and (16) we have
Using (15) and considering x 
The set of values under which the effective stochastic hamiltonian is local but sitedependent is
In the bulk of the lattice for 2 ≤ i ≤ L we have 
We know that Λ * (s)|C is the probability of observing the configuration at the initial time in the biased dynamics [12] , but this probability for some configuration can be x 
The largest eigenvalue is given by
Through Legendre Fenchel transformation, the rate function is [13] .
Using ( 
2 and x 2 3 can be extracted from (29). It can be seen that the effective transition rates under certain constraints are local but site-dependent.
Concluding remarks
In this paper we have considered a system of hardcore classical particles with M different species of particles hoping on a one-dimensional lattice of finite size with open boundaries. We have assumed that different species of particles can have any possible processes in the left and right boundaries with their own special rates. It has been shown that the steady state associated with the biased ensemble of trajectories can be interpreted as the steady state of an auxiliary stochastic model that is Markov and associated generator be known as stochastic effective generator. It is known that the dynamical rules of this stochastic effective generator are non-local. We have considered a product form for the left eigenvector corresponding to the largest eigenvalue of W (s). By defining variables L k ′ and R k ′ , k ′ = 1, 2, · · · , M + 1 for the left and right boundary respectively and (M + 1) 2 different variable D k i,i+1 for the bulk, we have shown that there are certain cases for which the effective interactions are local (short-range).
As an example we have considered a system of hard-core classical particles with two types of particles on a one-dimensional lattice with open boundaries. Activity of the particles of type ℓ is considered as a time-integrated observable. We have obtained constraint under which the left eigenvector corresponding to the largest eigenvalue of W(s) is in a product form. by extraction the different components of left eigenvector, the effective generators of sites one, two and two, three, respectively, are obtained which expresses this fact that effective transition rates under certain constraints are local but site-dependent. It should be noted that time-integrated observable could be any physical observable which depend on the transition between consecutive configurations or configurations that system visits during the observation time such as current. It would be interesting to investigate the constrains under which the dynamical rules of stochastic effective generator for a system with long-range interactions in an open lattice are local . Also we can considered this problem on a system with periodic boundary conditions.
